We give a necessary and sufficient condition for a translation semigroup to be supercyclic and to be chaotic in a weighted function space.
Introduction
For a strongly continuous semigroup {T (t)} on a Banach space X, W. Desch, W. Schappacher and G. F. Webb [1] investigated conditions for a semigroup to be hypercyclic or chaotic. They gave the spectral properties for a semigroup to be chaotic and gave a necessary and sufficient condition to be hypercyclic for a translation semigroup on a weighted function space L p ρ (I) or C 0,ρ (I) by using the property of an admissible weight function. A semigroup is called hypercyclic if there exists x ∈ X such that {T (t)x | t ≥ 0} is dense in X and supercyclic if there exists x ∈ X such that {cT (t)x | t ≥ 0, c ∈ R} is dense in X. The hypercyclic semigroup is said to be chaotic if in addition the set of periodic points is dense in X. D. A. Herrero et al. investigated the spectral properties of hypercyclic and supercyclic operators on a complex, separable infinite-dimensional Hilbert space [2, 3] .
In this paper we investigate the property of admissible weight functions which induce supercyclic, hypercyclic and chaotic translation semigroups on a weighted function space L p ρ (I) or C 0,ρ (I). As for supercyclicity, a strongly continuous semigroup on L p ρ (I) or C 0,ρ (I) is always supercyclic if I is an interval [0, ∞) (Theorem 1 (1) ). For I = (−∞, ∞), the semigroup is not always supercyclic and we give a necessary and sufficient condition to be supercyclic for the translation semigroup on a weighted function space L p ρ (I) or C 0,ρ (I) (Theorem 1 (2) ). We also construct a special function x such that {cT (t)x|t ≥ 0, c ∈ R} is dense in X (see the remark following the proof of Theorem 1). Although the necessary and sufficient condition for the semigroup to be hypercyclic and supercyclic does not depend on L p ρ (I) or C 0,ρ (I) but depends on the interval I = [0, ∞) or I = (−∞, ∞), the condition to be chaotic depends on L p ρ (I) or C 0,ρ (I). We give a necessary and sufficient condition for the semigroup to be chaotic (Theorems 2 and 3), and show the relation between the condition and lim τ →∞ ρ(τ ) = 0 (Examples 1 and 2). We show a necessary and sufficient condition for ρ to satisfy lim τ →∞ ρ(τ ) = 0, which implies more than that X per (the set of periodic points of X) is dense in X (Theorem 4).
Preliminaries
Let X be a real Banach space. A strongly continuous semigroup
Let I be the interval [0, ∞) or (−∞, ∞). By an admissible weight function on I we mean a measurable function ρ : I → R satisfying the conditions:
With an admissible weight function, we construct the following function spaces:
We consider a (forward) translation semigroup {T (t)} with parameter t ≥ 0 such as [T (t)u](τ ) = u(τ + t) for u ∈ C 0,ρ (I) or L p ρ (I). When ρ(τ ) = 1, weighted function spaces are equal to L p (I) or C 0 (I) and the translation semigroup is never hypercyclic, since the norm of T (t) is equal to 1 for all t ≥ 0 in L p (I) or C 0 (I). A necessary and sufficient condition for the translation semigroup in L p ρ (I) or C 0,ρ (I) to be hypercyclic is known as follows.
Theorem A (1) . Let X be L p ρ (I) or C 0,ρ (I) with an admissible weight function ρ. Then the following (1) and (2) are equivalent:
As for the property of an admissible function of ρ there is the following lemma.
Lemma B (1) . Let I be the interval (−∞, ∞) or [0, ∞) and let ρ be an admissible weight function on I, that is, there exists M ≥ 1 and ω ∈ R such that ρ(τ ) ≤ M e ωt ρ(τ + t) for all τ ∈ I and t > 0. For l > 0, put M l = M e ωl for ω > 0 and M l = M for ω ≤ 0. Then M l ≥ 1 and the inequality
holds for any σ ∈ I and any τ ∈ [σ, σ + l].
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(1) T (t)x = 0 for all t ≥ 0;
Proof.
(1) Suppose that t 0 > 0 is minimal with the property that T (t 0 )x = 0. We show first that each y ∈ X is of the form y = cT (t)x for some t ∈ [0, t 0 ] and c ∈ R.
There is a sequence t n ∈ [0, t 0 ] and a sequence c n ∈ R such that c n T (t n )x → y.
Without loss of generality we may assume that t n converges to some t. Assume first that t = t 0 . In this case we have
Since T (t 0 − t n )y → y we obtain the trivial case y = 0. On the other hand, if t < t 0 , then ||T (t n )x|| is bounded away from 0. By compactness we may assume that c n converges to some c and we infer that y = cT (t)x. Now take three vectors y i = c i T (t i )x ∈ X, spanning a two-dimensional subspace, such that each pair y i , y j , i = j, is linearly independent. Assume that t 1 > t 2 > t 3 . We have then y 3 = α 1 y 1 + α 2 y 2 . Now we arrive at the contradiction
Since T (t)x is continuous with t and T (t)x = 0 holds for all t ≥ 0 by Lemma
, which means that U is compact. Hence X is finite dimensional, which contradicts that X is infinite dimensional.
Lemma 2. Let {T (t)} be a strongly continuous semigroup on a Banach space X.
Then the following are equivalent:
(1) {T (t)} is supercyclic;
(2) for all y, z ∈ X and all ε > 0, there exists v ∈ X, t > 0 and c ∈ R such that ||y − v|| < ε and ||z − cT (t)v|| < ε;
(3) for all y, z ∈ X, all ε > 0 and for all l ≥ 0, there exists v ∈ X, t > l and c ∈ R such that ||y − v|| < ε and ||z − cT (t)v|| < ε.
For any y, z ∈ X and any l ≥ 0, there exists s > 0 and c 1 ∈ R such that ||y − c 1 T (s)x|| < ε, and there exists u > s + l and
Then we have the first inequality. Put t = u − s > l and c = c2 c1 . Then we have the second inequality.
(3) implies (2): It is obvious.
(2) implies (1): The proof is similar to the proof in the case of hypercyclic in [1] .
Using these lemmas, we give a necessary and sufficient condition for a translation semigroup to be supercyclic. Theorem 1. Let X be the space L p ρ (I) or C 0,ρ (I) and ρ be an admissible weight function. Let {T (t)} be a strongly continuous semigroup on X. Then the following assertions hold:
Then
(2) We shall show the proof in the case X = L p ρ (I) (p ≥ 1).
. Then we have the following:
Then the following hold:
By Lemma B, there exists M l ≥ 1 satisfying (1). Then the following hold:
So we have the inequality
Similarly we have the following:
By the inequalities (3.1a), (3.2a), and (3.1b),
holds. Similarly by (3.1c), (3.2b), and (3.1d),
holds. By (3.2c) and (3.2d), we can verify that
If ε tends to 0, then ρ(θ − t ε )ρ(θ + t ε ) tends to 0.
(⇐) Assume for each θ ∈ R that there exists a sequence {t j } ⊂ R + such that lim j→∞ ρ(t j +θ)ρ(−t j +θ) = 0. Let y and z be any nonzero functions with compact support [θ − l, θ] (l > 0). For l > 0, there exists M l satisfying (1) by Lemma B. By the assumption, for any ε > 0, there exists t j > l such that
By Lemma B and the above inequality, we have
Therefore {T (t)} is supercyclic by Lemma 2.
The case X = C 0,ρ (I) can be proved in a similar way to the case L p ρ (I). Remark. It is possible to prove supercyclicity by showing the existence of a special function x ∈ X such that {cT (t)x|t ≥ 0, c ∈ R} is dense in X. We shall show that in the case of X = C 0,ρ ([0, ∞)) the translation semigroup on X is supercyclic from the definition directly.
Let
be a countable subset of C 0 cpt,1 ([0, ∞]) such that for any g ∈ C 0
cpt,1 ([0, ∞]) and for any ε > 0, there exists f ∈ F satisfying ||f − g|| ∞ < ε and
Then α k is finite by the definition of an admissible weight function ρ. Put K 1 = 0, β 1 = max {α 1 , 1} and
Then x is continuous on [0, ∞), since h j ∈ C 0 cpt,1 ([0, ∞) ). So x belongs to X by the following relation:
We shall show that for any f ∈ X and any ε > 0, there exist c ∈ R and t ≥ 0 such that ||f − cT (t)x|| < ε.
and |s(f 0 )−(s(h)−1)| < 1. By the way of construction of F , there exist countable numbers m(1) < m(2) < · · · < m(j) < · · · such that h = h m(j) ∈ F . For any j ∈ N, put t j = K m(j) + 1 and
Since lim j→∞ m(j) = ∞, we have
for sufficiently large j. By the inequality ||f − c j T (t j )x|| ≤ ||f − f 0 || + ||f 0 − c j T (t j )x|| < ε, we get the conclusion.
Chaotic translation semigroups
In this section, we give necessary and sufficient conditions for the translation semigroup to be chaotic. The necessary and sufficient condition in Theorem A for the translation semigroup to be hypercyclic depends on whether I = [0, ∞) or I = (−∞, ∞), but does not depend on whether X is L p ρ (I) or C 0,ρ (I). The same applies to the supercyclic semigroup. However, as for the chaotic condition, it depends mainly on whether X is L p ρ (I) or C 0,ρ (I) and depends slightly on whether I = [0, ∞) or I = (−∞, ∞). Even if lim τ →∞ ρ(τ ) = 0 holds, the translation semigroup on L p ρ (I) is not necessarily chaotic as shown in Example 1. In the case of C 0,ρ (I), lim τ →∞ ρ(τ ) = 0 is a sufficient condition for the semigroup to be chaotic as shown in Theorem 4 but not a necessary condition as shown in Example 2.
For the case of L p ρ , we have Theorem 2. Let I = (−∞, ∞) (resp. I = [0, ∞)) and let X be L p ρ (I). Then the translation semigroup {T (t)} on X is chaotic if and only if for all ε > 0 and for all l > 0, there exists P > 0 such that
P > 0 such that n∈Z\{0} ρ(l + nP ) < ε . By replacing P with mP for sufficiently large m ∈ N, we can assume P > 2l. We shall construct v p in the following way: v p (τ ) = n∈Z z(τ − nP ). Then clearly T (P )v p = v p ; we calculate z − v p :
(In the case of I = [0, ∞), replace −l, 2l, Z and Z \ {0} with 0, l, Z + and N.)
The following example shows that even if lim τ →∞ ρ(τ ) = 0 holds, the condition in Theorem 2 is not satisfied.
Example 1. Let
Then ρ is an admissible function on [0, ∞) and lim τ →∞ ρ(τ ) = 0. While for any P > 0, there exists m ∈ N such that m > 1 P . So
1 P 1 m+n = ∞. Therefore for l = 1 and for any ε > 0, there does not exist P > 0 such that n∈Z\{0} ρ(l + nP ) < ε.
For the case of C 0,ρ , we have Theorem 3. Let I = (−∞, ∞) (resp. I = [0, ∞)) and let X be C 0,ρ (I). Then the following assertions are equivalent:
(1) the translation semigroup {T (t)} on X is chaotic;
(2) for all ε > 0 and for all l > 0, there exists P > 0 such that ρ(l + nP ) < ε for all n ∈ Z \ {0} (resp. n ∈ N);
such that for all ε > 0 and for all i ∈ N there exists P > 0 such that ρ(l i + nP ) < ε for all n ∈ Z \ {0} (resp. n ∈ N).
Proof. (1) implies (2): Suppose {T (t)} is chaotic. Take ε > 0, l > 0 and z ∈ X with compact support such that z(l) = 0. Take ε such as 0 < ε < min |z(l)|ρ(l)
Since X per is dense in X, there exists v ∈ X per such that z − v < ε . For v ∈ X per , there exists P > 0 such that v = T (nP )v for all n ∈ Z (resp. n ∈ N). (l) . By replacing P with mP for sufficiently large m ∈ N, we can choose P > 0 such that l ± nP (resp. l + nP ) / ∈ supp(z) for all n ∈ N. Then we obtain the following inequalities for each n ∈ Z \ {0} (resp. n ∈ N):
< ε. Therefore for all l > 0 and for all ε > 0, there exists P > 0 such that ρ(l + nP ) < ε for all n ∈ Z \ {0} (resp. n ∈ N).
(2) implies (3): It is clear.
(3) implies (2): Take ε > 0 and l > 0. Then there exists i 0 ∈ N such that l ∈ [l i0−1 , l i0 ). Let L be l i0 − l. By Lemma B, there exists M L ≥ 1 satisfying (1) . Take positive ε < ε ML . Then from assumption, there exists P > 0 such that ρ(l i0 + nP ) < ε for all n ∈ Z \ {0} (resp. n ∈ N). So we obtain
(2) implies (1): It is clear that {T (t)} is hypercyclic by Theorem A. So we only have to show the set X per of periodic points is dense in X. Since the set X 0,0 of all the functions with compact support is dense in X, we shall show X per is dense in X 0,0 and the proof is analogous to that of the case of L p ρ as follows. Take ε > 0 and z ∈ X 0,0 . Then there exists l > 0 such that supp(z) ⊂ [−l, l]. From Lemma B, there exists M 2l ≥ 1 satisfying (1) . Take ε such as 0 < ε < ρ(−l) M 2 2l z ε. Then from assumption, there exists P > 0 such that ρ(l + nP ) < ε for all n ∈ Z \ {0}. By replacing P with mP for sufficiently large m ∈ N, we can choose P > 0 such that 2l < P. We shall put v p (τ ) = n∈Z z(τ − nP ). Then clearly T (P )v p = v p ; we calculate z − v p :
(In the case of I = [0, ∞), replace −l, 2l, Z and Z\{0} with 0, l, Z + and N.) Hence v p ∈ C 0,ρ (I) and v p ∈ X per , so X per is dense in X. Therefore {T (t)} is chaotic.
Condition (3) in Theorem 3 is a stronger condition than lim inf τ →∞ ρ(τ ) = 0. But this does not imply that lim τ →∞ ρ(τ ) = 0 as shown in the following example. Proof. Let LCM {t j } j be the least common multiple of {t j } j . We construct the following sequences {t j } ∞ j=0 and {c j } ∞ j=2 by induction: t 0 = 0, t 1 = 2, t 2 = 6,
Then {t j } and {c j } are increasing sequences. Put
Then ρ is measurable. First we shall show that ρ(x) ≤ e t ρ(x + t) for all x ∈ [0, ∞) and t > 0. Take x ∈ [0, ∞) and t > 0. Then there exists i ∈ N such that
So ρ is an admissible weight function. Next we shall show that for all ε > 0 and for all i ∈ N there exists P > 0 such that ρ(t i + nP ) < ε for all n ∈ N. Since {c j } is an increasing sequence, there exists m 0 ∈ N such that ρ(t m ) = e −(tm−tm−1) = e −cm−1 < ε for m > m 0 . For any i ∈ N, put m i = max {i, m 0 } + 1 and P i = t mi − t i . Then e −Pi < ρ(t mi ) < ε. For any n ∈ N there exists m n > m 0 satisfying t mn +P i ≤ t i +nP i ≤ t mn+1 . Then ρ(t i +nP i ) ≤ ρ(t mn +P i ) < e −Pi < ε. Therefore ρ satisfies assertion (3) of Theorem 3 and it is clear that lim sup τ →∞ ρ(τ ) = 1 and ρ(τ ) does not converge to 0 as τ → ∞.
The condition that lim τ →∞ ρ(τ ) = 0 implies more than the fact that X per is dense in X as shown in the following theorem.
Theorem 4. Let I be the interval (−∞, ∞) (resp. I = [0, ∞)), and let X be C 0,ρ (I). For the translation semigroup {T (t)} on X, the following assertions are equivalent:
(1) lim τ →±∞ ρ(τ ) = 0 (resp. τ → ∞);
(2) {T (t)} is chaotic. In addition, for all ε > 0 and for all x ∈ X there exists t 0 > 0 such that for all t ≥ t 0 there exists v t ∈ X per satisfying x − v t < ε and T (t)v t = v t .
Proof. (1) implies (2): It is clear that {T (t)} is chaotic from Theorem 3. Take ε > 0 and x ∈ X with compact support. Then there exists l > 0 such that supp(x) ⊂ [−l, l].
Put ε > 0 such as 0 < ε < ρ(−l) M 2 2l x ε. Then from assumption, there exists P 0 > 2l such that ρ(l + nP ) < ε for all n ∈ Z \ {0} and for all P > P 0 .
For each P > P 0 , if we put v p such as v p (τ ) = n∈Z x(τ − nP ), then clearly T (P )v p = v p and v p ∈ X per .
By the same calculation as in the proof of Theorem 3 (from (2) to (1)), we obtain x − v p < ε.
(2) implies (1): We shall prove that for all ε > 0 there exists t 0 > 0 such that for all t > t 0 , ρ(±t) < ε (resp. ρ(t) < ε). Take x ∈ X with compact support such that x(0) = 0 and ε such as 0 < ε < min |x(0)|ρ(0)
By assumption there exists sufficiently large t 0 > 0 such that ((−∞, −t 0 ) ∪ (t 0 , ∞))∩ supp(x) = ∅ (resp. (t 0 , ∞)∩ supp(x) = ∅) and for all t > t 0 , there exists v t ∈ X per such that x − v t < ε and T (t)v t = v t . For each t > t 0 , we obtain ρ(±t) < ε (resp. ρ(t) < ε) by the same calculation as in the proof of Theorem 3 (from (1) to (2)). Then it indicates lim τ →±∞ ρ(τ ) = 0 (resp. lim τ →∞ ρ(τ ) = 0).
